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Abstract 

We find new type II backgrounds with non-relativistic symmetries via non- 
Abelian T-duality. First we consider geometries with Galilean symmetries 
in type IIA, which have been identified as non-relativistic generalizations of 
the ABJM background and massive IIA supergravities. We then consider 
the non-Abelian T-duality transformation on the backgrounds with Lif- 
shitz symmetry constructed by Donos and Gauntlett. Using gauge/gravity 
duality we study aspects of the held theory dual to these backgrounds. 
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1 Introduction 

Gauge/gravity duality [1, 2, 3] (for a standard review, see [4]) has had a lot of success 
describing gauge theories, when derived from the decoupling limit of a system of 
branes. 

But a lot of the recent interest has been instead focused on applications to con¬ 
densed matter physics, specihcally in the study of strongly coupled systems described 
by relativistic and also nonrelativistic held theories. Since gauge/gravity duality re¬ 
lates strong coupling in held theory to weak coupling in gravity (and vice versa), 
we can analyze models that are otherwise very difficult to analyze. Since however 
in these AdS/GMT cases we usually have no decoupled system of branes, only a 
phenomenological construction of a gravity dual, we have usually less control over 
the construction. One degree of control is obtained by analyzing symmetry. 

The symmetries of the held theory are realized geometrically as isometries in the 
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gravity dual side. In the best known example, type IIB string theory on AdS^ x 
vs. A/” = 4 SYM, the isometry group of the gravity dual is S'0(4,2) x S'0(6), 
matching with the one of a four dimensional conformal held theory with A/” = 4 
supersymmetries [1]. While the S'0(4,2) symmetry of the anti-de Sitter space is 
reinterpreted as the conformal group in 3 + 1 dimensions, the group S'0(6) ~ SU{4) 
can be identihed with the R-symmetry gronp of the conformal theory. 


In the case of strongly coupled condensed matter systems, we have a variety of 
numerical and theoretical tools from statistical physics and quantum held theory 
[5, 6], but they usually are hard to use. In the case of relativistic systems, the tools 
of AdS/CFT are applied in the usual way. But in the case of systems with non- 
relativistic spacetime symmetries, we hrst dehne the non-relativistic algebra and 
then we try to realize it geometrically [7, 8, 9, 10, 11, 12]. 


There are two symmetry algebras that are relevant in the nonrelativistic case 
(see [13] and references therein). The hrst one, known as Lifshitz algebra, contains 
the generators for rotations translations {Pi}, time translations {H} and di¬ 

latations D, satisfying the standard commntation relations for {Mjj, Pi, H} together 
with 


[D, Mij] = 0 , [D, Pi] = iPj , [D, H] = izH , (1.1a) 

and in [14] the geometric realization of the above symmetry (which has been embed¬ 
ded in string theory in [15, 16]) was dehned by the gravity dual 

dt^ 

- -A - 1 - 

2 


ds - L \ + 


ly 

As we can see, for x = 1 we recover Anti-de Sitter space. 


(i.ib) 


A second relevant algebra is the conformal Galilean algebra which contains, be¬ 
sides the generators for rotations {Mij}, translations {Pi}, time translations {H} 
and dilatations D, also the ’’Galilean boosts”, generated by Ki, with nontrivial com¬ 
mutators 


(1.2a) 


[M,„ Kk] = - 5,kK{) , [P„ K,] = -i5,,N , [K„ H] = -tP, , 

[D,Ki\=t{l-z)K,, 

In the special case z = 2, the algebra is called the Schrodinger algebra. Here N is the 
nnmber operator, which connts the nnmber of particles with a given mass m, and in 
general has has only one nontrivial commutation relation, [D,N] = i{2 — z)N, bnt 
in the z = 2 (Schrodinger) case we see that it becomes a central charge. Guriously, 
it is not possible to arrange the P-dimensional Schrodinger algebra as an isometry 
in {D + l)-dimensions, but in [8, 9] it was realized that we can write a gravity dual 
as a (P -|- 2)-dimensional space, with metric 


df 


-2dtd^ + dx^dx^ dr 


+ 


(1.2b) 
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Obtaining nonrelativistic gravity duals in string theory turns out to be difficult 
(see [10, 11, 12, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24])d In relativistic cases, several 
different techniques have been employed in order to generate supergravity solutions, 
see [26, 27, 28] for recent developments. One particularly interesting solution gener¬ 
ating technique which has been applied extensively is T-duality. In the usual case, 
T-duality relates strings in a background with a compact direction, of radius R, 
with a background with an of radius a'/R. The physical spectrum of a string in 
the geometry is invariant under this transformation, see e.g. [29, 30, 31, 32, 33]. 

This usual duality (on S^) is abelian (77(1) group), but a non-Abelian generaliza¬ 
tion for the group SU{2), called non-Abelian T-duality, was introduced in [34] and 
became an issue of recent interest [35, 36, 37, 38, 39, 40, 41]. This non-abelian T- 
duality (NATD) transformation has been used successfully as a solution generating 
technique [42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54], although some issues 
concerning global properties of the dual manifold remain. 

Considering the difficulties in constructing string theory gravity duals with non¬ 
relativistic symmetries, in this paper we consider NATD of known gravity dual solu¬ 
tions. In section 2, we apply this technique to the solutions with conformal Galilean 
symmetry constructed in [22], and in section 3 to the solutions with Lifshitz symme¬ 
tries constructed in [16]. 

In order to dehne the dual field theory, in section 4 we start by calculating the 
quantized Page charges of the spaces constructed in the section 2 and 3. In particular, 
we compare the charges of the Galilean solution constructed in section 2 with the 
charges calculated in [46]. We then dehne and study holographic Wilson loops in 
these backgrounds, and in section 5 we conclude. 


2 Galilean Solutions 

In this section, we hrst give a short review of the solutions of [22], which are nonrela¬ 
tivistic generalizations of the gravity dual to AB JM [55] in type IIA string theory. We 
then perform non-Abelian T-duality on them, obtaining new type IIB backgrounds. 
We consider the solutions in [22] because they have the nontrivial z = 3, even though 
we don’t know much about their holographic dual held theory. 

^See [25] for the embedding of nonrelativistic string backgrounds via the use of abelian T-duality 
in the context of double field theory. 
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2.1 Galilean type-IIA solution and its NATD 


The Galilean nonrelativistic solution of type IIA string theory of [22] has string frame 
metric^ 

2 dy^ + dz^-2dx+dx-\ , „2 , 2 /o 1 ^ 


dsjT A — —— I — 


+R dsi 


where R^/k and the Fubini-Study metric for CP^ is (see, e.g. [56, 57]) 

ds^p3 = d(^ + ^ cos^ C,{.d6\ + sin^ Oid(j)\) + ^ sin^ C('^^2 + 02d(j)\) 

+ - sin^ C cos^ C{dip + cos6id(l)i + cos6*2(i02)^, 

= ^ cos^ C,ds\ + ^ sin^ ^('^1 + ^" 2 ) + ^ sin^ C cos^ C (t's + cos 6id(j)if . 


Here ds\ = dOi Tsin^did^^, G [ 0 , 7 r/ 2 ], 9i G [ 0 , 7 r], 0^ G [0,27r], G [ 0 , 47 r] and 
are the Maurer-Cartan forms for the group SU{2), namely 

Ti = — sin'^d6'2 + cossin 6*2^02 

T2 = cos'^( 76*2 + sinsin 6*2^02 ( 2 . 3 ) 

Ts = dip + cos 6 * 2^02 , 

with drj = \€ijkTj A Tk- Considering the equation (A.7), we see that 


ds] = dsQ^i + R^d(^ + — cos^ , 


(2.4a) 


^ e^'^'(ri + A*)^ = ^ sin^ C(h^ + ^ 1 ) + ^ sin^ C cos^ C{.n + cos 01^01)^ , (2.4b) 


that is, 

^ sin C, = 0^^ , ^ sin ( cos ( = , 

= 0 , A^ = cos 6 *id 0 i . 

We define the vielbeins associated to the Galilean metric 


(2.4c) 


dslai = + e e + c^y + e"e^ , 


(2.5a) 


^Using the fact that the constant /3 is arbitrary, we make the transformation ^/3, compared 
with [22], Also, remember that 
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as 


V ^ A 2 ^ A 

= — ay , e = —dz . 
2z 2z 


Rz , 

e = —raa; 
2/3 


(2.5b) 


This solution is also supplemented with the following helds 

. R „ /3 R^p , , , 

= — B = —= — Rdx~^ A dy , 

k ' z^ ^ ’ 

C(i) = + 2ku , 

3i?^/c , 6A; , _ . 

dC{^) = ^ ^ dx'^ A dx A dy A dz = -p^e'^ A e A e e , 


8^4 


i?2 


( 2 . 6 ) 


(2.7) 


where q = 2p = >J = dca is a Kahler 2-form on CP^ and the level k is the 
quantum of (iC(i) on CP^ G CP^ , that is 


'cpi 


(iC(i) = 27ik 


( 2 . 8 ) 


Considering that on the CP^(6'i,0i) with ^ = 0 we have (e.g. [46]) 


we have 


1 1 
u = —- sin^ ( (ts -f cos6'i(i0i) -|- - cos6*i(i0i 

= — - tan^ (£3 + - cos6*i(i0i , 


J = £3 3\ (Be+ (B^ A (Be-A ^2 


(2.9) 


( 2 . 10 ) 


where we have defined the following vielbeins with relation to the metric ds^^s i 

( 2 . 2 ) 


( 2 . 11 ) 


= dC , ~ 2 ’ ^3 ~ 2 ^ 

(£i = ^sinCri, (£2 = ^sinCr 2 , (£3 = ^ sinCcosC(r 3 d-cos^id^i) . 

With these dehnitions we can easily see that uo/(CP^) = J A J A J^ that is 

uo/(CP^) = (£^ A (£^ A (£e A (£1 A (£2 A (£3 

1 ( 2 . 12 ) 

= — cos^ C sin^ C sin Q\ sin Q 2 dC, A dOi A d(j)i A d92 A d(j )2 A dip . 


Therefore, using the quantization of the Page charge 

1 i 


(27ra'V2)7-p 


Ri—p Qup ^ ^ 1 


( 2 . 13 ) 


5 



where T = F [\e for some cycle E® we can see that 

1 f 327r^Q;'®/^ 

(ww L ^ ^ 

The vielbeins with relation to the metric (2.1) for the internal space are dehned 
as 


= Rd( , Cg = —cos(d9i , = — cosCsin6*i(i0i , (2.15a) 

Cl = ^ sinCri = , ^2 = ^ sinCr 2 = f3l^^T2 , (2.15b) 

R 

Cs = — sin Ceos C(r 3 + cos 6^1 d0i) = {ts + A^) . (2.15c) 

The relativistic limit of this solution, that is AdS/i x CP^, can be recovered by setting 
/3 ^0. 


2.1.1 Nonabelian T-dual of the Galilean background 

Now we want to perform a T-duality transformation [40, 41, 43, 58] with respect to 
the SU{2) isometry. We construct the matrix Mjj, dehned by = Qij+bij+a'eijkVk, 
obtaining (since hij = 0 ), 


( (di a'vs -a'v2\ 

—a'v 3 (di a'vi 1 . (2.16a) 

a'v2 -a'iji (d2 / 


We consider a gauge where 6^2 = 02 = "^2 = 0, so that v = (cos'C'Ui, sin0ni, ua), 
where ip G [0,27r]. We can make connections the gauge choice in [46] by making 
the transformation (ui = psinx,n 3 = pcosy) with y G [ 0 , 7 r] and the range of the 
coordinate p is not yet determined, but we argue that p G [nn, (n + l) 7 r) as in [46, 59], 
(see [40] for other possible gauge choices). 

Therefore, the matrix M in this gauge is 


M 


/ fdi a'v3 

I -a'v3 jdi 

\Q;'sin 0 ni —a'cos 0^1 


—a' sinipvi'' 
o' cos 0^1 
02 


The dilaton in the dual theory is given by 


0 


0 - 



i?a'3/2 

IaW ’ 


(2.16b) 


(2.17) 
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where A = det M = [(/^f + a'^v^)j32 + a'^vfj3i]. 

Using the results of Appendix A, the dual metric becomes 

d-Sj/B = '^'^7 + (2.18a) 

where 

dE^ = (ziDzi + Z2-DZ2 + zs-Dzsf + 


= a'‘^v\j3il32Tf + q'‘^ {{(dild2 + Q;'^ni)(ini + (/d^ + a'‘^vl)dvl + 2Q;'^nin3(ini(in3} , 




(2.18b) 

with fj = dtjj + cos 6^1(701. Here 

we have used that Za = oi'va and 


1 „ 

— Dzi = dvi — V 2 A , 
a 

^112:2 = dv2 + ViA^ , ^712:3 = dv3 . 

a' a' 

(2.19) 

The dual vielbeins are 



Ca = 6*^“A ^ [zaZbDZb + DZa + SabcZbe^'^'’DZc] , 

(2.20) 


such that 


+ sin'?/^e2 = — [{(di(d2 + a‘^vl)dvi + a'^viv^dv^ - a'/32ViVs7]] 


Cl = cos 


A 


C 2 = — sin ijjci + cos 'ipC 2 = 


a'(3i 


1/2 


A 


(2.21a) 

[a I32v^dvi — a (diVidv^, + A/92'i'ih] (2.21b) 


es = 


A 


a'^viV'idvi + {(dl + a''^vl)dv3 + a (divlr) . 


(2.21c) 


The Kalb-Ramond held is given by 

^ 13 R^p , 

B = —= — ^dx^ A dy 

V2 

— ^ {e^'^AiZl2;2 A Dz^ + e^^'^Z2Dz3 A Zl2:i + A 112:2} — Dzs A 

+ A .7 tt'V'y3/52^ , . , a'{a'%l[3i - ^) 

dx A dy -- dvi Arj -\ -- dvs A (cos uid(pi) 


+ 


V2 z^ 

a%l/3i 


A 


A 


A 

/3 R^p 

V2 z^ 


dvs A difj 


dx~^ A dy 


a'(32 


a'‘^viV 3 dvi + {a'^vl + /3i)dv3) Ay + a'dvs A d^lJ 




[closed form) 

(2.22a) 
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or, using the spherical coordinates (^1,^3) = (psinx,pcosx), 


B = — ^dx'^ A dy -^ ((/d^ + cos xdp — /Slpsinxdx) A fj 


13 R^p 

^/2 ^ 64A 

+ cos^ C cos 6*1 cos x{R‘^ sin^ ( + 16a'‘^p^)dp A 


A 

sin^ 

dx^ Ady — a' ——-— R^p cos^ C sin"^ C cos 6*1 sin xd4>i dx 


(2.22b) 


pR!^ sin^ ( cos^ C sin xdx A dip + (i?^ sin"^ ( + 16 a'^p ) cos^ ( cos xdp A dip 


After a gauge transformation, we can write the i?-£eld as 


B = 


Id ,R^sm\ 


-dx^ Ady — a 


R'^p cos^ C sin"‘ C cos 61 sin xd(pi A dx 


^/2 z^ ^ 64A 

+ cos^ ( cos 6*1 cos x{R‘^ sin"^ ( + 16a'^p^)dp A dcpi (2.22c) 

+ IGa'^p^ [p(sin^ X + cos^ x cos^ () sin xdx A dip — sin^ x sin^ C cos xdp A 

— a'd{p cos xdip) , 


with the term on the last line being a pure gauge contribution. The 5 -field at the 
2-cycle defined by = (0i = const., x'^ = const., y = const.] x,t/’) is 


B 


52 


—a'psinxdx A dip , 


(2.23) 


where we also have used that lim^_,.o Large gauge transformations 

are defined such that the holonomy of B satisfies 


b 


1 

An'^a’ 



e [n,n + 1), 


(2.24) 


which justifies our choice p G [utt, (n -|- l) 7 r). 

In order to find the dual R-R fields, it is convenient to write the RR-helds before 
the T-duality as 


ok 2 /u 

F2 = dC(i) = -I 2 ^e A — (cs A + e<^ A ee - Cl A C2) 

‘^k r t . ‘^kpdV’^ ,0 , , 2kp3x 

= 3\z -h e'^ A e^)-^ ^2 

= G 2 -\- Ji A (t^ -|- A 3 ) -|- KqTi a T2 
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(2.25a) 



F4 = dC, 

2k 


(3) 


H AC, 


( 1 ) 


= —e A A e A 3e + 8p 


2k 


cot 9i 
cosC 


' ^0 


16pk 

~w 


tan ( AC AC A Cs 


= —e A A e A 1 3e + 


= Ga + lIa (c 


8p cot 9i 


cosC 


' ^0 


16pk/3. 

w 


1/2 


tan ( c* AC AC A (r^ + A^) 

(2.25b) 


with e* = (e+ — e )/v^, Fq = — * and Fg = *^ 2 . Using eqnations (A.15a-A.16c) 
we have that the dnal helds in the RR sector are given by 

= —a'vs Jf — + ex' (cos//'e 2 — sin//>ei) 

= —a'ng Jf — a' Kldv^ (2.26a) 


a'^Rp-i = *1 Ga + aG2 A ni/30^(cosi/>ei + sini/>e2) + 

a' 


+ JfA 


-(diZi A e2 + 


A 


1/2 


-Cs A (cos//'Cl + sin//>e 2 ) 


a'v:iKll3y\ . . 

+ -71-A e2 A Cg 

Pi 


*7 G 4 + q;'^G'2 a (nidni + v^dv^) 


A 

V 

+ ninga'^/didng] A r)-— Klfd^dvi A dvs A p 


^^-Ji A [(Q;'^0/di + /di/32)dni 


(2.26b) 


a 


> 3 / 2 F^ = (1 + *) |q;'G4 a ni/34^^(cosi/>ei + simjjZ2) + vsld^^'^zs 

+ /^i/^2^^^2 a Cl a e2 a Cg 


+ Lo A 


-/SiCi A e2 + 


/ 0 I /2 

a Pi Vi 


1/2 


eg A (cosi/'ei + sin//>e2) 


= *7 ^2 + a'G4 A [vil3\'\ + ng/32'/'eg 

a'ldi'^vi 


“I" A 


-Aeg + 


A 


1/2 


+ Ln A 


PiZi A e2 + 


a Pg vi 


A: 


1/2 


eg A eg 
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(2.26c) 


—a *7 Gi A Vij3\^‘^t'2 A Cs + A t '2 

+ a Cl a 82 a Cs 

= —I3iI32 G 2 + o''^G 4^ /\[vidvi + V‘idV 2 \ -A 


L\ a {a'‘^vll3i + I3‘ll32)dvi + a'^viv^jdidv^ A fj 


A L 
A 

a'^vil3‘ll32^ 


*7 G 4 A [V3l32dvi - Vi/Sidvs] A f] 


G 2 A dui A (iw 3 A fj 


or, using spherical coordinates, 


^ k 

a'^/^Fi = - (—p sin^ C sin xdx + sin^ C cos xdp — p sin 2( cos xd-C) (2.26d) 

a'3/2p3 = ^ siri^ C cos C (3c« A c" A c* + j- a c< A c") 

4 V cosC / 

2/cq;'^ / a a rh ff\ 7 a"^R^ 2 7-27-3 7 7 

H-( 6 ge A e + e'^ A e ) A dp H-—— sm ( cos (p cos^sm^dp A dx A p 

^ ' 4A 

Cr /cdZ . 3 A A • 77 - dd .4a 2 7 - 7 /’ \ 12 2 ’ 7 '' 

H-—psin cosCsmX dC A ^ sm Ceos Cd(psmx) + Q; p smxdp Ap 

(2.26e) 

o'’/^A = (! + .)( c‘ A c» A A (3c- + A dp 

[ R^ V cosC / 


32A 

2pkRa'‘^ 

A 

IR^ . p 


sin® C cos^ C P^ sin x (6g e* A A e®) A dp A dx A p 


sin"^ C P sin X e* A A A 


A —sin^ C cos^ C'^(psin x) + a'^p^ sin x dp Ap 
16 


(2.26f) 


2.2 Galilean solution in massive type-IIA and its NATD 


We also have the following background, in the string frame [22] 

, 2 f 13‘^idx'^Y dy"^ + dz^ — 2dx^dx~ \ 5ao , 2 

dSmiiA = «o (-- 1 +^ds„. 


(2.27a) 


ds^ ^ , 

mGai 
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where oq= 2, = age f^/'^ L'^ = 2 771^^ and mo is the Romans’ mass. In 

this background we also have the nontrivial helds 


e, B = ——dx+r\dy, 


mn 


^(1) = \dx~^ , dC(^ 3 ) = 4 dx'^ A dx A dy A dz . 

3/2 2 ;'^ 


(2.27b) 


Note that the solution is similar to the one in the previous subsection, but there 
are subtle differences. This solution does not preserve any supersymmetry even in 
the relativistic case /3 = 0. We write the metric (2.27a) in a similar manner to the 
previous subsection, as 

3 

dsj + (2.28a) 




i=l 


where 


and 


dsj = dsl^Gai + ^ (d(^ + I cos^ C,ds\ 


San 


= 0 , = cos9id(l)i . 


(2.28b) 


^ + W)^ = [sin^ (('rf + T'l) + sin^Ccos^ ((t's + cos6'i(i(/)i)^] , (2.28c) 

i=l 

such that 

sin ( = sin ( cos ( = , 

2v^ ^ 2v^ " (2.28d) 


2.2.1 Nonabelian T-dual of the massive Galilean background 

The dual dilaton is given by 

where A = [(/3f + Q;'^n|)/32 + The nonabelian T-dual metric is 

1 


dsliiiB = dsi + -^df?' 


A 


where 


(2.30a) 


= {ziDzi + Z2DZ2 + ZoDzof + D zj 

= a‘^vlj3ij32Tf‘ + a‘^ |(/3i/32 -I- a'^vl)dvl -I- (//^ -I- a'‘^v‘l)dvl + 2Q;'^nin3dnidn3|, 


(2.30b) 
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with fj = dip + cosOidpi . Here we have used that 

— Dzi = dvi — V‘2A^ , — Dz2 = dv2 + ViA^ , — Dz^, = dhs . (2-31) 

a a a 

The dual Kalb-Ramond held is given by 

w 


B = 


Pz^ 


dx~^ A dy 


^ < e ^ziDz 2 a Dzs + e ^Z 2 Dz 3 A Dzi + e ^zsDzi A Dz 2 > — Dz^, A A 

A 


2/3 


+ 


Pz^ 

a'Pfp 

A 


dx~^ Ady — 
dv3 A di/j 


a''^viV3/32 

A 


dvi A r) + 


a'{a'^vi/ 3 i — A) 

A 


dvs A (cos 9idpi 


J.-+ A J.. I ^,2„. T , , /„ / 2„,2 , 32 


-dx~^ A dy 


a^vivsdvi + + /3f)dv3 ) A fj + closed . (2.32) 


Pz^ " A 

Given that the original R-R helds are 

Fq = UlQ 

F 2 = dG(i) + moB = mo A (^^5 
F 4 = dG( 3 ) - id A Qn + A B 


( 1 ) 


= V5 mo e‘ A A A , 


(2.33a) 

(2.33b) 

(2.33c) 


*"mo ' ' mo mo mo 

where these vielbeins are related to the metric (2.27a), it folllows that the T-dual 
helds are given by 

ni/3y^(cos'^e^ + sin'^e^) + 


a 


'F^Fi = a' 


mo 


= moP'^pidvi + vodvz) 
a'F^Fs = mohjdy^i^ A A *7 F^ 

+ a'F2 A Vij3\^‘^{cosipz^ + sin'^e^) + Vo/Sl^'^c^ 

a'^moP‘f^2 


(2.34a) 


(2.34b) 


uidui A dvs Afj + *7 F 4 + P'^F2 A (uidui + v^dvo) 


A 


a'^^F^ = (! + *) |q;'F4 a ni/3y^(cos'^e^ + sin'^e^) + 
+/3i/ 32/^F2 A A A e^} 


+ 


= —/ 3 i/ 32 ^^ *7 F 2 + a'^Fi A {vidvi + v^dvo) - - — F 2 A dvi A dvo A r) 


A 


— OL 


,3Vxp3xp32 


1/2 


A 


(* 7 ^ 4 ) A {V3p2dvx - Vlpdvo) A r) 


(2.34c) 
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or 


= a''^mo pdp 


J3 


^'3/2? ^ moa - f, __L R /5V2 ,„ r , ^/2, 


A 


-f3ff32p dp A volg 2 + f3i/32 *7 F 4 + a pF 2 A dp 


,/3 


q,'3/2^^ = a''^pFi /\dp+ -^jd‘lj32P^F2 A dp A volg 2 — *7 F 2 


„/3 

a ~ 0 I /2 


+ *7 F^ A I -p^ sin^ X cos X (/^i 


fj A dp 

\ / 

+ sin X (^/32 cos^ X + A sin^ X^P A dx 
where vol ^2 = sin xdx A d'lf) and 

ia = + eafec2:fee^'^*’i:)2:c] . 


(2.34d) 


(2.34e) 


(2.35) 


3 Lifshitz Solutions 


In [15, 16], an infinite class of Lifshitz solutions of H = 10 and H = 11 supergravity 
with dynamical exponent z = 2 was considered. In this section we review some 
aspects of this class of solutions in [16], which has a special limit the solutions of 

|15]. 

This type IIB supergravity solution has a metric of the form 


ds^ = ds\^f + Li^ds^^ 


(3.1a) 


where 


ds\if = (^■‘^{+ 2 dadt + dx\ + dxl) + ^dr"^ + fda^ 

= ( —^dt^ + r‘^{dx\ + dx\) + —+ f [da + ^dt 


f 


f 


(3.1b) 


where / is a function of a and of the coordinates of the Sasaki-Einstein manifold E^. 
This background has also the nontrivial fields^ 

F 5 = 4L^(1 + *)Eo/ 7 ,, , (3.1c) 

G' = daAlE, (3.1d) 

P = gda . (3.1e) 

^For T = C'o+ie“‘^, P = {i/2)e^dT and G = ie^PdT{TdB — dC 2 ), where the scalar Co is the axion 

and <j) the dilaton, and the 2-forms in the NS-NS and the RR sectors are B and C 2 , respectively. 
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We can recover the standard solution AdS^ x solution hy W = f = g = 0 and 
the solution of [15] can be obtained in the special limit W = 0, f = /(a) > 0, 
g = g{a) G M. In addition, the coordinate a is compact and parametrizes a circle 


Another interesting class of solutions are those with constant /. When we set 
/ to a constant, / = 1, the four dimensional non-compact part of this metric is 
precisely the metric with the Lifshitz symmetry for z = 2 and 'f' = ^, that is 


ds'^ 


f dt^ dx^dx^ du‘^\ 

(- A - 2 -^- Y ) • 

\ J 


(3.2) 


Also, in [16], the authors showed that under certain conditions, we can consider the 
KK-reduction on x i ?5 and we get contact with the bottom-up construction of 
Lifshitz solutions. 


3.1 Homogeneous Space 


We start considering the particular solution in which is the homogeneous space 
{SU{2) X SU{2))/U{1), that is, E^ = with metric 

dshi 1 ) = -(d'lp + cos6*i(i0i -I- cos6'2(i02)^ + -(dOl + sin^ -|- -(dOl + sin^ 02d4h) 

9 6 6 


where 


= ;^((eA^ + (e^)^ + (e^)^ + (eA^ + (e^ 


^ (r^ + cos 9id(j)i) 

— —=dBi , — —=sm0id(pi 

vG vG 


(3.3) 


(3.4) 


and Ti are given by (2.4) Using these results and the notation of [41], we see that 

(3.5) 


eft = yy . ec> = 1 ^ yY , 


= 0 , A^ = cos6id(j)i . 

In the NS-NS sector we have the Kalb-Ramond field B with held strength 

= —V2kda A A A , (3.6) 

and this held strength can be generated by 


tj‘} —-;= COS u\ clcT A (l(pi H" —— dc A T 3 , 


3^2 


3v/2 


(3.7) 
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which means that /Ss = f^da. The dilaton and the axion are taken to be trivial 
In the R-R sector we just have the self-dual 5-form 

F 5 = 4 da A dt A dr A dxi A dx 2 -|- Vol 


= 4 LHi + *) l4oij.(.,i) . 


(3,8) 


Note that we can consider an ordinary T-duality and an uplift of this solution in 
order to find type IIA and D = 11 solutions (in this particular case we have f = k). 

3.1.1 Nonabelian T-dual 

The nonabelian T-duality with respect to the SU{2) isometry parametrized by the 
{ip, (p 2 , O 2 ) coordinates in the space has been considered in [43] and was reviewed 
in [40]. Here we consider a slight modification of [43], namely now we have a non¬ 
vanishing Kalb-Ramond field and obviously the non-compact space is not AdSs. 
Then the T-dual space has metric 


1‘2 X 

ds^ = ds\^f + -^ds\ 


dsj 


^ ^ " 1 “ 


XCi+C2+Cz) 




. 2=1 


2=1 


= ds^ + X I {Q'‘^ViV 2 dvi + {oi'^vl + I3‘l)dv^ da + ^ + f3l)da‘^ 

A 3 18 


+ 


a Vi^i(32 ^2 {(/3i/32 + a'‘^vl)dvl + {Pi + a'‘^vl)dvl + 2a'‘^viv^dvidv^] 


(3.9) 


where the coordinates are {zi = a'vi,Z 2 = olV 2 ,zz = a'v^} and their “covariant’' 
derivatives Dzj are 


— Dzi=dvi-V2A^, —Dz2 = dv2 + ViA^, —Dz3 = dv3-\—-Ps , (3.10) 

a' a' a' a 

and finally A = [{Pi + a'‘^v‘l)P 2 + Oi'‘^vlPi], which is related to the dual dilaton 0 field 
by A = a'^e~‘^P 

The T-dual NS-NS two-form is 
^ 1 

B = -^ cos 9i da A dpi — {eijke^^*ZiDzj A Dzk) — cos OiDz^ A dpi 


3^2 A 

kL'^ q ,'3 

cos 9i da A dpi —^ {P 2 ViV^dvi — Pivldvp) A fj 


3^2 

kL"^ - - kLP 

— i^^P 2 {Pl + C('‘^vl)da A r) H- —da A dp — a'cos^idus A dpi . (3.11) 

3v2A 3v2 
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Using the fact that the original self-dual hve-form is given by 
2 L 2 


F. = 


9 


-(1 -I- *) A A Ti A r 2 A (rs -|- cos6id4>i) 


= (1 *) G 2 A Ti A r 2 A (ts -f cos 9id(j)i) , 

the dual R-R sector is dehned by 
a'F^F2 = -G 2 

= G 2 A I (cos ^82 - sin^/>ei) Ah + A h 

{{/3i/32rF 13^ 

q ;'2 

= ^<^2 A {a/32ViV3dvi - /3ivl{adv3 + Ps)} A f) , 


where 

Ca = [zaZbDzb + e^^>>^‘^^‘’Dza + eabcZbe^'^’’Dzc] , 


which implies 

z\ = cos'^Ci -1- sin'^e2 

= [oi{BiB2 + Q;'^ni)dni a’^viV'i{a dv'i + Bs) - I32 ViVsJ]] 

C 2 = — siu'^Ci -|-cos '^82 

= [a'‘^B2V3dvi - a'BiViia'dvs Bs) + C('BiB2Viv] 

B^'‘" 

h = [a'^vivsdvi + (Bi + a'‘^vl){a'dv3 -f Bs) + • 

Here Bs = ^da. 


(3.12) 


(3.13a) 


(3.13b) 

(3.14) 


(3.15a) 


(3.15b) 

(3.15c) 


3.2 Sasaki-Einstein Space 


Another possible choice is such that the Sasaki-Einstein metric is 


dsYp,q = w{y) {da + h{y)TBj^ + 


1 -y 


= 9{y) n + 


w{y)h{y) 

gidj) 


{rl + r|) + 

w{y)q{y) 


dy^ 


+ 


q{y) 


w{y)q{y) 9 


-To 


da\ + '^^^'B\^' da^ + '^-2 , - , ,2, 


Qgiy) 


w{y)q{y) 


dy' + + ^ 2 , 


6 


where g{y) = q{y)/9 + w{y)h{yB and 

a- 2 y + y‘^ 2 {a - y"^) a-?>y‘^ + 2 y^ 

^yy) = -FT —, g{y) = 


6 (a -1/2) 


1 -y 


a - r 


(3.16a) 


(3.16b) 
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Here a is a real constant. As studied in [60], in these manifolds there is a 2-sphere 
hbration parametrized by with y G [yi,y 2 ] over a 2-sphere parametrized by 

{9,4)). Also, the coordinate a parametrizes a circle of length 2nla. In these spaces, 
we have 


- a/ 4p2 — 3g2 


1 
2 

1/1 = ^ (2p - 3g - v^4p2 - 3g2j 


(3.17) 


1/2 = ^ + 3g - V- 3g2 j , 


where (p, g) are relative integers and p > g > 0. 

We can set the axion and the dilaton to be zero, but, contrary to the previous 
solution, this condition does not imply that the function / is a constant. In fact, it 
satishes the following equation 


1 -// 

We dehne the vielbeins 


Af +-^dy[{a-?,y‘^+ 2y^)dyf]+ ^ 


{i-vY 


= 0 . 


(3.18) 



-dy 


y/m 

,2 r.H^-y) 


6 


T 2 , e'* = ( Ts -h —da 

9 


(3.19a) 

(3.19b) 


In this background, one has 
1 


r 2 

W = —=d 
V72 


1 - 1 / 


(6da + Ts) 


6V2(l-y) 


( 1 - 1 /) 


dy A {6da + Ts) + Ti At 2 


6^2(1-p)2 


which means that 


dy A 


wh 


6 - da -\ -£ 

9 ) 


6 1 2 


(3.20) 


H = -da A W 


wh\ L 

_ ,6-acT A ap A do; -I- 1 =-, -^ 

6v^(l-p)2V 9) 6v/2^(l-p)2 

1 

da A A . 


da A dy A (3.21) 


V^(l-p)2 
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Using the notation of [41], we find 
= L 


1 _ y_ — ^Cs _ 

6 




Ai — A 2 — 0 , ^3 — — do. , 

9 

/3i = /32 = 0 , /^s = 


(3.22a) 

(3.22b) 


672(1-1/) 


da , Djdy, = d/^s = 


672(1-l/)2 


dy A da 


= 0 , 


therefore 


B = 


72(1-7 

The R-R hve-form for the solution is 

Fs = 4L^ (1 + *) Uo/yp., 

2 L2 


da A da — 


672(1-7 


da A Ts 


(1 — i/)7^ (1 + *) e" A A A 7 A ^7 + ^^da^ 


— (It*) G 2 A T\ A T 2 A \ T —da 

\ 9 

Finally, the metric of the T-dual space becomes 

7^2 7 2 wqL '^ ,2 -^^7 2 1 

ds — dsfjf T- da T —dy T“ 

^ 9g wq ^ 


(3.22c) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 


7 3 ^ 

2 3 

1 ^ ^ ^iDZi 


\i=l / 

i=l 




= ds^ + — 


a 


A I 372(1/ - 1 ) 


a^vivsdvi T (7^7 T $t)dvs ) da 


T /3f) 

72 ( 1-72 


L^da^ )■ + 


77772 .2 


A 


-7 


a 


/2 


T {$i/32 T a^vi)dvf + T a'^vpjdvi T 2a^viv^dvidv^ \ , 


(3.27) 


where 7 = # T and A = 01 + a' 7|)/32 T a'7^7- The NS-NS two-form is 
^ 1 

B = - -pz - da Ada —^ (enke^^GiDzj A Dzk) — Dz^ A A 3 

72(1 - 7 ^ j kj 


hw 


72(1-7 

a'hw 

- do. A dv^ , 

9 


a 


n r 


1-da A da-^ 

^9) A 


a02Viv^dvi - 0vl{a'dvz T 0) 


A 7 
(3.28) 
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and the dilaton is 


= --In f ^ 


a 


/3 


The helds of the T-dnal R-R sector are 
a'3/2F2 = -G 2 

a'3/2 9 =GoN 


4 — '-T2 
a '2 


. . (cos'i/'R — sin'd’Ci) A H—^—Ci A R 


A 


= —G 2 A a'$ 2 ViV 2 ,dvi - $ivl{a'dv:i + ,^ 3 ) t A 7 , 


with the vielbeins 


= cos'^Ci + sin'^e2 

a'(/3i/32 + a'‘^vl)dvi + G'^ViV^.ia'dv^^ + (3^) - a''^^2ViVs^ 




A 

C 2 = — sin -ipci + cos 'ipC 2 


PI 


1/2 


A 


a'^$2V^dvi - a'$iVi{a'dv^ + + 01 $i$2Vip 


23 = 


A 


1/2 


a^viv^dvi + {PI + a^v^){a'dv3 + $ 3 ) + a'^piVip 




(3.29) 

(3.30a) 

(3.30b) 

(3.31a) 

(3.31b) 

(3.31c) 


4 Holographic Dual Field Theory 

4.1 Quantized Charges for Galilean Solutions 

In [46], the anthors considered the dnalization of the backgronnd holographic dnal 
to the ABJM theory [55], which consists of a metric for AdS 4 x CP^ in type IIA, 
together with two R-R helds, F 2 and F 4 . They also calculated the conserved charges 
of the dual background. 

Considering the effect of the non-relativistic deformation of the ABJM back¬ 
ground considered in [22], we compute the conserved charges of the background 
that we found in the last section. We compare our results with [46] in order to see 
the effect of the non-relativistic deformation of the background [55]. We calculate 
the conserved charges of the solutions in sections 2.1 (massless type IIA ) and 2.2 
(massive type IIA) separately. 
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4.1.1 Massless type IIA 


We start with a short review of the conserved charges of AdS^ x CP^ and its NATD 
solntion. The solntion has the metric of AdS^ x CP^, the dilaton 0 = \\i{R/k) and 
the R-R forms [46] 


dC{i) = 2kdoo 
dC^3) = IkL'^Vol 


AdSi 


(4,1a) 

(4.1b) 


in snch a way that 

f dC(i) = 2'Kk and 


(27ra'V2)5 




(4.2) 

where we have used the CP^ dehned by (.^ = 7 r/ 2 , 6 * 2 , 02 ), and / Ro/^ps = We see 
that these quantization conditions agree perfectly with the quantization conditions 
(2.8-2.14) of the Galilean solution. 

In [46], the authors calculated the charge in the dual held theory, which was 
found from an integration of the dual 3-form over the cycle dehned by = (^, di, 0i), 
such that^ 


N. = 


kL* 


(4.3) 


In our case of the Galilean solution of massless type IIA, we must consider the same 


calculation for the dual Using that 




60102^'^ c 


A A sin^ C cos^ CdC A no /52 


3A;R^ 


S3 


(4.4) 


where no /52 = sin 6 *ic/ 6 *i A d^i, we compute the charge 

f A = —. 

Jy:3 16q;W2 

Imposing the quantization condition for the Page charge, 

1 


we obtain 


(27rAV2)2 

Qd5 = 


— Qd5 £ Z , 


kR^ 




(4.5) 


(4.6) 


(4.7) 


But since originally R‘^ satished the relation kR^ = 327 r^Q;'^AjY^ the charge Qd 3 
cannot be an integer, and in this case, the radius R in the dual theory will be dehned 


^In their notation a' = 1. 
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through new relations. The non-integer charge in the non-abelian T-dual theory is a 
generic feature which arises from the violation of the condition Td(p_„) = (27r )"'Tdp- 

In the present case, we see that if we consider the 5-cycle = (C, 6 *i, 0i, y, 'ip) = 
= nnsm^,V 3 = uttcos.^,'^) in the T-dual background, we compute the 

restriction 




E5 


nnaJ ^3 A vol §2 , 


(4.8) 


which is consistent with a large gauge transformation —)■ + uttck'J^s A vol §2 

(with the volume form vol ^2 = sinydy A dp)), and therefore we hnd 


Qd 3 — nQob ■ 


(4.9) 


The held theory on the boundary is a 2 - 1-1 dimensional CS gauge theory, as was 
the ABJM theory before the NATD. The CS gauge groups have levels, that should 
be possible to calculate from the gravity dual. As in [46], we can dehne the levels of 
the AdS/CFT dual held theory as 


Qb = 


1 

(27rQ;'^A)2 



93 = 


1 

(27rQ;'^A)^ 



(4.10) 


where the integrations are performed on the cycles S 3 = (p, 6 * 1 , 01 ) = ('i' 3 ,^i, 0 i) 
and S 5 = (p, 6 * 1 , 01 , y, 0) = ( 6 * 1 , 0i, Ui, U 3 ,0), respectively. In the presence of a large 
gauge transformation, one obtained in the case in [46] 


(2n -|- l)7r (3n -|- 2)7r 


Using the same dehnitions, in our case we obtain from (2.26f) 


(4.11) 




a'^k 


S 3 


pvolgf A dp , A B 


= 0 , 


therefore we obtain in a similar manner to the above case 

(2n -|- l)7r 


We also hnd from (2.26f) that 




/cs = k- 


ka'^ 


4ci'1/2 


p^dp A vol si A uo /52 , 


and given that 


ka 


/2 


A vols2 = — '^^^^pdp A volsf A vols2 


(4.12a) 


(4.12b) 


(4.13a) 


(4.13b) 
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under a large gauge transformation ^ + nira'P^ A uo/^2, we have 


f ^ (47r)^ 

I+ mra'Fs A vo/^a) = 


(3n + 2 ) 7 r^ 


Then finally 


h = k 


(3n + 2 ) 7 r 


(4.13c) 


(4.14) 


12a'i''2 ’ 

such that (3n + 2)k^ = 3(2n + l)k 3 . Using these relations, we find the relations 
between the radius R and the quantized charges of the background 


R^^k^ — a'"^ ( Qdi, + 7:Qd5 


R'^ks — IbTT^Q;'^ ( Qd3 + oSd5 


(4.15a) 

(4.15b) 


If we compare our results with [46] we can see that the non-relativistic deformation 
does not change the quantization condition of the theory and of its non-abelian 
T-dual. 


4.1.2 Massive type IIA 

We now turn to the model in section 2.2. We first consider the model before the 
T-duality. We find 

5^\/5mo 


giving 


*10-^4 = 


n'^o _ 


no/cp3 , 


5^V^ mo 


(4.16a) 


(4.16b) 
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In [22], the author considered the compactification of the ordinary type IIA theory 
and of the massive type IIA theory to four dimensions.® 

We calculate the D5-charge by using (2.33) to write 


-r-mo 

3 




S3 


a 


~ ~i/2 c A A 

-P 1 P 2 A e^„ A e. 


S3 


a 


/3/2 


mo 


mo 


mo ’ 


(4.17) 


where *7 is Poincare duality in ds^. We then calculate the magnetic D5-charge 
associated with this flux as 

5® \/5 mo 


Qmo _ _ 

3847ra'5/2 p 


(4.18) 


®Since the only relationship between these two theories is Hull’s duality [61], the author argued 
that the similarity between the 4D actions means that there is a mapping between the Romans’ 
mass and the flux k. In that case, / oc 1/i? and mo oc k/R^, so that, up to numerical constants, 
one could write ^ Qd2- 
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For the cycle we have = 0, so now we obtain = nQ^l when we 

consider a large gauge transformation. 

On the other hand, = 0, which remains equal to zero after a large gauge 

transformation. 

We can dehne a third cycle = (p, y, 'ip), which gives 


-cmo 

•^3 


= 0 , 


(4.19) 


E3 


but after a large gauge transformation —)■ A volg 2 , we hnd 

-(2n + l). (4.20) 


kr = 




Finally, for the cycle = ( 6 *i, 0i, p, y,'^), we have that = 0 even after a large 
gauge transformation. 


4.2 Quantized Charges for Lifshitz Solutions 

4.2.1 Homogeneous Space SU{2) x SU{2)/U{1) 


For the background (3.3) in section 3.1 we start with a 5-form 

2L^ 

= -^(1 + *)volsf A Ti A r 2 A (ts cos^id^i) , (4.21) 

and using similar methods we hnd the quantized charge 


Nd3 — 


4 


After the T-duality we obtain the charges 




27a'2 

2 


Qdg , 


(4.22) 


(4.23) 


on the cycle = ( 6 ^ 1 , 0i). Using the fact that = 0, after a large gauge transforma¬ 
tion F 4 — F 4 -\-mTa'F 2 /\vol we hnd Qd 4 = uQdq on the cycle E^ = ( 6 ^ 1 , (pi, y, '^),. 


4.2.2 Sasaki-Einstein Space 

In the Sasaki-Einstein case in section 3.2, we have a similar situation. The quantized 
charge before the T-duality is 

Nd 3 = , (4.24) 

47r^ a'^ 


23 



on the cycle T? = (a, y) and 


Vyp,. = / VoIyp,. = / dyil - y) . (4.25) 

JYP’<1 4 J 

Repeating the previous analysis, we hnd 

(4-26) 

on the cycle T? = {a,y). 

Again we can use the same arguments from the previous subsection to hnd = 0 
on = (a, y, X, Ip). If we take a large gauge transformation ^4 —)■ ^4 + mia '^2 A 
volg^, where §2 = we also hnd Qm = nQne ■ 


4.3 Wilson Loops 


One can in principle dehne a Wilson loop variable in the case of nonrelativistic 
gravity duals, even though it is not really clear what it would mean in the held 
theory. However, we can simply calculate the observable, and leave for later issues 
of interpretation. 

One way to embed the Schrodinger algebra with z = 2 [a particular case of con¬ 
formal Galilean algebra) into string theory is to consider a DLCQ of a known duality 
[11, 10, 12, 13]. The general conformal Galilean algebra is realized holographically 
through the metric 


ds'^ 




dt^ ^ 2dtd^ + dx^ 

O., T o 



(4.27) 


For the Lifshitz case, gravity duals are instead usually of the type 


ds^ 


dt^ dx"^ dv? 

H-^ 


y2Z y2 




(4.28) 


However, in [15, 16] it was suggested that for d = 4 and z = 2, the case considered 
in section 3, we can consider the gravity dual 



^^{—2dadT + dx\ + dx\) + 


—dr'^ + fda‘ 


(4.29) 


and for a = x^ and r = x , a must be a compact coordinate to obtain a 2 - 1-1 
dimensional held theory dual with coordinates t,xi,X 2 . 

Note that compared with the Schrodinger case, the roles of x~^ and x~ are inter¬ 
changed and x~^ is compact. 
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4.3.1 Wilson Loops in conformal Galilean spacetime 


The general prescription for the calculation of Wilson lines in relativistic held theories 
is well known [4, 62, 63, 64, 65, 66, 67, 68]. Recently, important hints in the 
identihcation of the dual held theory of non-relativistic systems were studied in 
[69, 70, 71, 72, 73], 

We want to consider the Wilson loops for the conformal Galilean gravity dual 
case in section 2. This formalism was also considered in [72], 

Considering a probe string which is not excited in the internal space directions, 
our gravity dual manifold is of the general form (without the internal space) 

ds^ = — f ——TY + 2d^dt + dx ■ dx \ H— -dr"^ , (4.30) 

with ^ compact and null, for z = ?> (thus is not of the Schrodinger form, which would 
correspond to z = 2). We consider the following ansatz 

t = T , X = x(a) , r = r(a) , ^ = constant . (4-31) 


Given that the induced metric on the world-sheet is Ga/i = g^udaX^dpX'', the 
Nambu-Goto action becomes 




27rQ;' 


dr / day/— det G = 


TR^ 

27ia' 


da 


{d^rY + {daxf 


.^^2(2+1) 


(4.32) 


As usual, the analysis of the diherential equations (see [66, 67, 70]) shows that the 
separation between the endpoints of the fl-shaped string that extends from the point 
X = —1/2 to the point x = 1/2 dX the boundary r = 0 is 

H {t max) 


= 2 


dr 


^H{r)^ - H{rmax)^ ’ 


(4.33a) 


with = R *Therefore 


('ij’maxt Y 2Tmaxy//^ 


V 

V2z+2/ 


Tf^)’ 

V2^+2/ 

and we can invert this expression, giving Tmax = ^max{.()- For = 3, we obtain 

:r(i) 


(4.33b) 


I = 2rr. 


rO)' 


(4.34) 


The general formalism [66, 67] allows us to compute a would-be quark-antiquark 
potential, which gives 


r(^) 


(4.35) 
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It is not clear what would be the interpretation of this quantity in the held theory, 
since it was dehned for relativistic gauge theories. But we can continue with the 
assumption that it still gives the potential between external ’’quarks” introduced in 
the theory, and see what we can deduce from it. 


Therefore, if we consider the solutions in the section 2, with 


is 


which implies 


F f If ’ 

^ max ^ \S/ 


dV 




> 0 . 


3, the potential 

(4.36) 

(4.37) 


This means that the would-be quark-antiquark interaction is atractive everywhere 
[72, 74, 75]. We also have 


dV 2g r(|) 

dP T (|) 


(4.38) 


and this condition means that the force is a monotonically non-increasing function 
of their separation. 


4.3.2 Wilson Loops in Lifshitz spacetime 

Consider the spacetime metric® of the form in the section 3, 

r2 r2 

dslif = —{—2d^dt + dx^ + dy'^) -\ — -dr'^ + L‘^f{^)d^‘^ , (4.39) 

where the coordinate ^ parametrizes the circle. 

First, we notice that due to the absence of the component gu in the metric above, 
we cannot hud a string conhguration such that 

t = T , X = x(a) , r = r(a) , ^ = constant , (4.40) 

so one might consider an ansatz with the string moving also on the compact coordi¬ 
nate despite the fact that its physical meaning is rather uncertain [13]. 

We consider the following ansatz (see [70], for similar considerations in spacetimes 
with Schrodinger symmetry) 


t = T, ^ = ^(r), x = x{a), r = r(a). ( 4 . 41 ) 

®We changed the notation ct —and we keep the symbol a to the spacelike worldsheet coordi¬ 
nate. Also, we renamed r —)■ t. 
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Then the components of the induced metric are 


2/'2 r 2 

Grr = dr( + . G„^^ ((x'f + (r'f) , (4.42) 

where x' = r' = daV and G = det Gap = GrrGaa- The Nambu-Goto action is 
given by 

S = j dTda^/g^{a,T) {{x'y + (r')^) , (4.43) 

where 

/ = -GrrL^r^ (4.44) 


We consider the equation of motion for 


d-r 


- +/(e)a.e 




= 0 ^ ^ ^ 1 = dr [G^^V^ fiOdr^ 

(4.45) 

where G'^'^ = G^r- From (4.41) we see that r is independent of r and from [16], 
we already know that the function / does not have functional dependence on r. 
Therefore, both sides in (4.45) must vanish independently. The left-hand side of the 
equation (4.45), implies that ^ = ho{a) therefore we take ^ = v^r, where is 

a constant. The right-hand side gives drf{^) = 0 and since / cannot be a function 
of r = a, we conclude that / is a constant. 


This means that the conhguration (4.41) is allowed just for particular metrics 
(4.39) (as in [16]), namely those with / constant, which occurs for instance when 
the internal manifold is T^’^, whereas this conhguration is forbidden for the Sasaki- 
Einstein manifolds It is rather curious that although we consider the string 

propagating just in the non-compact spacetime, the form of the internal manifold 
can determine physical aspects of the string propagation. 


The equation of motion for x = x{a) is 




V3“^ 


daX =0 d^r = ±Veff daX , 


(4.46) 


where 



(4.47) 


and Co is just an integration constant. We consider a fl-shaped string similar to the 
solution considered in the last section, namely a string which extends from a; = —£/2 
to X = i/2 and it reaches a maximum point Vmax in the bulk space. 

The boundary conditions for this conhguration [67] imply that t oo. In 

our case, we can easily see that this condition is satished since lim^-^o W// —t oo. 


27 



The turning point, i.e. the maximum point in the r direction, is determined by 
the condition ^{rmax) = 0, which gives 


9^{rmax) - Co = 0 ^ Co = 




-v^ 


L^f 


.2 

max 

..2 


In order for cq to be real, we see that we need < 2/(/r^„^). 
Finally, the distance between the string endpoints is 

P'f'max 

^qqi'f'max) = ‘^dij'max) I dv ^ , 

0 V S' y) 9 y max) 

and if we dehne w = r jr^ax we hnd 


^qqiXmax) 


2rl 


2r, 


9{rr. 


dw 


w 


0 Vif'^^^max - + 2 


_ max 


Qi^max) d^i^max) 


In order to solve the integral, we write it as 
1^{rraax) = / dw- 


w 


'0 Viifwlax - - 2](w2 _ 1) ’ 

and performing the substitution w = sin u, we hnd the elliptic integral 


sin^ u 


\ /‘7r/2 

d'ij'max) ~7= I du .—--- , 

V 2 Jo gjj^2 ^ 


(4.48) 


(4.49) 


(4.50) 


(4.51a) 


(4.51b) 


with (2 - > 0. 

In terms of the complete elliptic integrals of hrst and second kind [76], 


K{k) 

E{k) 



(4.52a) 

(4.52b) 


(The constant k is called elliptic modulus and it can take any complex or real value 
^.) we can write (4.51b) as 


X(r 


K{k)-E{k) 
y/2 k^ 


(4.53) 


^Generally in physics and engineering problems, the modulus is parametrized in such that 
€ (0,1), but it is not our case. See [77] for details. 



where = {fv^r‘^^^ — 2)/2. Then the distance between the string endpoints is given 
by 


^qq{,'^ri 


y/2r^ 

V max 

2^2 


gin 


K(fc)-E(fc) 

fc2 


fc2 + l 




(K(fc)-E(fc))^ 


2 V 2 

\/M 


(4.54) 


A(-A;2 


Now observe that —= (2 — fv^r‘^^^)/2 > 0, since < 2, therefore 

+ 1 > 0, which implies that Vf > 0. Therefore Vf E (O, —), and —k^ G (0,1), 

\ J^max J 

see figure 1. 



Figure 1: Graph of the function A(—A;^). 


Finally, following the standard calculation [66, 67], we compute the observable 
that would correspond to the energy of a gg-pair (dehned in relativistic gauge theories 
by introducing external quarks into the theory, and measuring their potential), by 
subtracting from the string action the action of two ‘rods’ that would fall from the 
end of the space to the boundary. The renormalized energy is obtained to be 


9\r) 


- 2 


yqqi'f'max) 2 / dr - -^ _ . 

2o V5' t) ~ 9 n max) Jo 


dr g{r) 


/•! 


max Jo 


dw 


i2w - 


^(l - (1 _ yj2'^ 




1 


y2^^L2 


{I. 2 ik,w-^) +Io{k,w^) -Ig{k',w-^)) , (4.55) 


where k' = fv^rl^^^/2. 
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We can easily see that 


Ioik,w^)= / dw ^ - 

0 j (l — j' 


= -fwliax^ik) ■ (4.56a) 


Consider the substitution w = sinw, so that the second integral is 

|•■n/2 

Z_2{k,w~‘^) = 2 / du - , 

° sinewy sin^ttj 


= 2[K{k) -E{k)]-2 M 1 


ifwliax - 2 ) . 


sin^M 1 cotti 


(4.56b) 


and the third integral reads (considering the arcsin modulo 27m) 




= - 2. (l-^^^^^^sin^u\cscu 


arcsin j ^ sin u 


(4.56c) 


+ 2 vmV 27 ^(^r^ . 

The terms with arcsin( ■ ■ ■) and the terms in the upper limit m | are constants, 
but we observe that we have two divergent terms for m —)■ 0, namely 


U = - 2^(1 - hi vy - 2 ) d cot _ 


(4.57) 


and the difference in the equation (4.55) gives 


1--sm u 1 CSC M + 


1 _ {fwlax —?)sin2„^ COtwj =0 


(4.58) 
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All in all, if n G Z, the potential energy Vqq is 


Vqqij'max) — 




(2 - /n^r^„,,)K(/c) - 2E(A;) - 27m^2/^^ 


-Vv 


Wmax arcsin 


fvel 


+ 2a 1 


fv^r: 


2 

max 


(4.59a) 


Since vc ^ (0, -r ^— ), we write vc = -r-i — with a G (0, 2), such that 

\ J 'max / J max 

—2 (^k‘^'K{k) + E(A;)) — 2'Kn\Pla 


^qq{,^max^ j 2 




•JWTi 


+v^ 


arcsin 


ihV-i 


(4.59b) 


In the figure 2, we plot the graph for three different values of a. 



Alternatively, we can write the energy as a function of the distance, iqq, as 


^qqi.^max') 


-2 


+V^ 


^ ^ “ 27m^ 

fa 


arcsin 


2 +^1-2 


(4.59c) 


and from this last result we see that 

dVr. 


di, 


qq ^ ^ Q _ Q 


qq 


rmaxi^ + 


d^V„, 


dPqq 


(4.60) 


It is important to notice that, although the potential energy Vqq exhibits a linear 
behaviour in relation to the distance iqq, similar to conhning theories, we can not 
say that this theory is confining, since we have a maximum value for the distance iqq 
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in relation to the maximum distance r^ax- Therefore, if we suppose that iqq < imax, 
the potential Vgg is a bounded function of igg. A similar phenomenon also happens 
in the calculations of Wilson loops at hnite temperature [66]. Moreover, as we said, 
it is not clear if the interpretation imported from the relativistic gauge theories still 
holds in this case. 


5 Discussion 

In this article we have studied nonabelian T-duality for non-relativistic holographic 
duals. In particular, using a NATD transformation we constructed novel examples 
of non-relativistic spaces with the interpretation of holographic duals, one for a 
conformal Galilean theory in massless type IIA, one for a conformal Galilean theory 
in massive type IIA, and two for Lifshitz theories in type IIB, coming from NATD 
of spaces with and internal spaces. 

In order to describe the held theories dual to the non-relativistic gravitational 
backgrounds, we have calculated the conserved charges of these backgrounds and we 
compared our results with those obtained in [46]. 

We have also calculated the Wilson loop observables for the holographic dual 
spaces, though their true interpretation in the held theory remains to be seen, and 
it would be very interesting to understand. For the Wilson loops in gravity duals of 
conformal Galilean theories, we considered that the compact coordinate is constant 
and we found that the energy potential between quarks is always attractive. For the 
case of case of gravity dual of spaces with Lifshitz symmetry, we could not consider a 
constant compact coordinate, and we do not know the held theoretical interpretation 
for the string moving in this direction. The Wilson loop that we found for this second 
class of spaces is proportional to the quark-antiquark distance, but the interpretation 
of this result is not clear. 

It would be useful to characterize further the held theories dual to the non- 
relativistic backgrounds considered in this paper, by studying also other properties, 
like conductivity or shear viscosity. 
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A Non-Abelian T-Duality 


In this Appendix we review non-Abelian T-duality, which is a transformation on a 
background that supports an S'f/(2)-structure. In principle we could follow the usual 
method employed in [38, 40, 47, 58, 59, 78], but here we review the strategy used by 
[41], which has the advantage of giving a closed form for the helds in the RR sector 
Considering a spacetime metric and a Kalb-Ramond two-form given by 

ds"^ = G^y{x)dx^dx'' + 2Gi^i{x)dx^Ti -f Gij{x)TiTj (A.l) 

1 1 

B = -Bf,^dx^ A dx" + B^idx^ A r* -h -Bijn A tj, (A.2) 

in such a way that /i, z/ = 1,..., 7 and all dependence on the SU (2) angles 9, ip, p is 
contained in the Maurer-Cartan forms r* for SU{2), which satisfy dr* = A Tk- 

Furthermore, in general this background has a non-trivial dilaton $ = <h(a;). 

If we dehne the held Q by its components 


Q III/ G 

Qifj, Gif^ 


B 


fii/i 






Q iii G + 

Bij Brij B{j , 


one can show that the nonabelian T-dual background is given by 

Qfiu = Q^lu - QiiiMpdQjy, Eij = M~-^ 

Qfii = Qi^ = 

where the matrix M is dehned by 


(A.3) 


(A.4) 


^dlij Bij ~\~ (X dijk'^k 5 


(A.5) 


and eijk are the structure constants of the group SU (2) and Vi are Lagrange mul¬ 
tipliers. Hereafter we absorb the factor of a' into Vi and we present all the correct 
factors in the dual answers. All in all, the dual fields are written as 


= G^y{x)dx^dx^ + 2G^i{x)dx^dv^ + Gij{x)dv^dv^ 

B = -B^ydx^ A dx'" + B^idx^ A dn* + -Bijdv^ A dv^ , 

and the one-loop contribution to the dilaton is given by 



®We thank to the authors of [41] for clarifications. 


(A.6a) 
(A.6b) 


(A.6c) 
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where A = det M. Besides the spectator helds, the dual theory depends on 9, tjj, 0, v\ 
meaning that we have too many degrees of freedom and we need to impose a gauge 
hxing in order to remove three of these variables. 

It is convenient to write the metric as 

3 

= dsy + , (A.7) 

i=l 


where A* are SU (2)-valued gauge helds and Ci are scalars. Moreover, we dehne the 
vielbeins such that 

6 


implying that the components of the metric (A.l) are 


dsj = g^ydx^dx’^ = 

fj .=0 

i=l i=l 


(A.8) 


Ai 








i=l 


In the same way, it is useful to write the Kalb-Ramond as 

1 1 
B = -b^udx^^ A dx"' + (A + dhi) ^Ti + -eijkhri A Tj , 

and the components of (A.2) are 

Bb^y , B^i -|- df^bi , Bij (^ijkbk ■ 

We next write the inverse of the matrix Mjj, 

^ /e2(^2+C3) + ^2 


^ Z 1 Z 3 + 


M-d = — Z1Z2 + e^'^^zs e^^C'i+C's) + ^2 




Z 1 Z 3 - e^'^'^Z 2 Z 2 Z 3 + e^^^zi 


g2(Ci+C2) 


(A.9) 


(A.IO) 


(A.ll) 


(A.12) 


where A = _j_ e 2 C'i ^2 _|_ g 2 C 2 2;2 _j_ ^ 203^2 ^ _l_ jg 

easy to see the general formula for the components of M~^ is 




(A.13) 


Using all these equations, the authors of [41] were able to hnd a closed form for the 
dual metric and Kalb-Ramond held. 


dS^ = dsy + — [{ziDzi + Z2DZ2 + Z3DZ3Y + Dzl 

+g2(Ci+C3)^^2 ^ g2(Ci+C2)^^2j 


(A. 14a) 
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B = A dx'' — ^{e^'^^ziDz 2 A Dz^ + e'^^^Z 2 Dz 3 A Dzi + e^^^z^Dzi A DZ 2 ) 

— Dzi A Ai — Dz 2 a /I2 — Bz^ A /I3 — Z1A2 A /I3 — ^2^3 A /li — 2^3/11 A A2 

(A.14b) 

where 

= dzi + A - (^ijkZjA^ . (A. 14c) 

For the RR sector the authors of [41] have shown explicit closed forms for the dual 
backgrounds. Considering first a (massive) type IIA sector with helds given by 

Fq = m (A. 15a) 

F 2 = G 2 + J 3 A (tj + Ad) + —^ijkKoiF ^ (A.15b) 

R4 = G4 + -^3 A (tj + A*) + -eijkM 2 A (tj- + A^) A (r^ + A^) 

+ Ni A (ti + A^) A (t 2 + A^) A (T 3 + A^) , (A.15c) 

one can hnd the dual type IIB RR helds as 

a'^Fp^ = mzie^F^ - ZiJ^ - + eipKlz^e-^^z^ + Ni (A. 16a) 

Q,'3/2p3 = me‘^i+‘^ 2 +c' 3 ^i /\ g 2 -3 ^c-i+ 0 - 2+03 Gi + G2F Zie^^t^ 

- ^eijkJi A /\ gfc + j* /\ e"^»e* A 

+ A A (A.16b) 

— Ni A -eijkZie~^'‘~^^F A — 2:jL3 — A + eipM^Zj A 
^/ 3 / 2 p^ = (! + *) [G^ A A A A 

- A e^BCkp a 

+ L 3 A A A A A e^] . (A.16c) 

Reversely, starting from a type IIB solution, with RR-£elds given by 

Fi = Gi (A. 17 a) 

-^3 = G^3 + ^2 F (tj + A*) + -€ijkY^ A (tj- + A-^) A (r^ + A^) 

+ m(ri + A^) A (+2 + A^) A (+3 + A^) (A.17b) 

Fs = (1 + *) [^1 A in + AO + G 2 A (n + AO a (+2 + AO a (+3 + AO] , (A. 17 c) 
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we have the dual fields in IIA supergravity ® 

= —m 

= -e^^ZaGx A e“ + z^X'^ + A (e^“e“) - A {z^e-^^l^) 

+ A - Gs 

F 4 = e^l+^2+C3 _ gCi+C2+C3 _ gaftc^-C. ^a 

- e^’^ZaG^ A e“ + ^Gs A A e") + A (e^'’+^=e'’ A e' 

- X2 A (e"^“e“) A (;2fee'^*'e^) - e'^^+'^^+'^^Gi A e^ A e^ A e^ 

- 2:06^'^“F“ A A e^ A e^) 

where the dual vielbeins are defined to be 

e* = e^'A“^ {^ZiZjDzj + Dzi + eijkZjC^^Wzk} ■ 


^Observe that, compared with [41], we have some different signs in the dual RR-fields. 
Eoin O Colgain for letting us know about it. 


(A.17d) 

(A.17e) 
A Zbe^‘‘i'" 

(A.17f) 

(A.18) 


We thank 
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